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EQUATIONS OF AN ELASTIC ANISOTROPIC LAYER

Yu. M. Volchkov and L. A. Dergileva UDC 539.3

Differential equations of an elastic orthotropic layer are constructed on the basis of expansion of the
solutions of the elasticity theory in terms of the Legendre polynomials. The order of the system of
differential equations is independent of the form of the boundary conditions on the layer surfaces,
which allows a correct formulation of conditions on contact surfaces.
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Introduction. In reducing the three-dimensional problem of the elasticity theory to a two-dimensional
problem (theory of shells), either hypotheses of a kinematic and force character [1] or expansions in a certain full
system of functions [2] are used. Equations of the theory of shells with the use of the Kirchhoff-Love hypotheses are
normally constructed for the case where the forces on the shell surfaces are specified. This complicates the solution
of contact problems on the basis of such equations and often leads to nonphysical effects. Differential equations of
an elastic layer, whose order is independent of the form of the boundary conditions on the layer surfaces, which
ensures well-posedness of the contact problems, are constructed in [3, 4] on the basis of expansions in terms of the
Legendre polynomials. The equations of the layer in the first approximation are reduced to a system of ordinary
differential equations with constant coefficients. Generic solutions of these equations for an isotropic elastic layer
of constant thickness are given in [4], and solutions of some contact problems are described in [4-6]. The problem
of bending of a three-layer orthotropic beam was solved in [7] on the basis of the elastic layer equations in the first
approximation. A comparison of solutions of contact problems on the basis of the elastic layer equations in the
first approximation and solutions obtained by the elasticity theory equations revealed good agreement of results
obtained by approximate equations and elasticity theory equations [5]. The approach to constructing approximate
equations proposed in [3] was used in [8] to construct equations of an elastic layer of variable thickness. The elastic
layer equations in the first approximation can be used for the numerical solution of two-dimensional problems of
the elasticity theory. A numerical algorithm for solving two-dimensional problems of the elasticity theory by the
method of layers was suggested in [9)].

Differential equations of an anisotropic elastic layer in the first approximation are given in the present paper.

1. Equations of the Two-Dimensional Problem of the Elasticity Theory. We write the equations of
the two-dimensional problem of the elasticity theory in a rectangular domain Q: {—I < z1 <1, —h/2 < 22 < h/2}:

B HH=0 o agmen 2= (5 50) o
Here h is the layer thickness, 2I is the layer length, o;; and e;; are the stresses and strains, respectively, u; are
the displacements, and f; and a;;m, are specified piecewise-continuous functions x; and x; the coefficients a;jmn
satisfy the conditions

Gijmn€ijEmn — CEijEij = 0, Aijmn = Qjimn = Qijnm,
where ¢ is a nonnegative constant; the subscripts 7 and j take the values 1 and 2; summation is performed over the
dummy subscripts. At the boundary of the domain 2, we impose the boundary conditions of the form

cﬁui + diilaﬂ = gaiil for x7 = &l (1.2)
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cij;ui + dﬁaig = goiiQ for xz9==1h/2, (1.3)
where cij; (1), d?;(xl), Lpij; (1), and @iil(xg) are specified piecewise-continuous functions; cﬁ and dﬁ are specified

constants that satisfy the conditions

\c |+\d | #0, chdf >0, c;.d; . (1.4)

Cij i z 1j g <
Inequalities (1.4) ensure dissipation of the boundary conditions (1.2) and (1.3).
2. Expansion of Stresses and Displacements in Series in Terms of the Legendre Polynomials.
Basic Boundary Conditions. Let the stresses and displacements be expanded in series in terms of the Legendre
polynomials

=Y ohPQ),  wi= Y ulP(Q), (2.1)
k=0 k=0

where ¢ = 2xz5/h, Pi(¢) are the Legendre polynomials, and

+1 +1
142k 142k
ofy = 5 /aijpk(g) de; ub = 5 /uiPk(C) dc.
-1 —1
Tt follows from (2.1) that
0'?1 :Tll/h, 0'%1 :6M11/h2, 0'?2 :Tgl/h, (22)
where
h/2 h/2 h/2
T = / o11 dza, My = / 01172 dxg, Ty = / 021 do (2.3)
—h/2 —h/2 —h/2

are the force, moment, and lateral shear force in the layer cross section x; = const, respectively. In (2.1), the first
two terms of the series for u; and the first term of the series for us correspond to the displacement of the layer as
a stiff whole. If the stresses and displacements are presented in the form of series (2.1), the boundary conditions
(1.2) can be written as conditions on the coefficients of these series uf (z1) and of;(x1):

Cﬁuf +dzlgzl (9011) ’ k= 0,1,27... . (24)

In (2.4), (¢5)F are the coefficients of the Legendre series of the functions ¢35 .

If the layer thickness is small (b < 1), then, by virtue of the Saint-Venant principle, conditions (2.4) can
be divided into two groups: 1) conditions affecting the solution for all |z1| < I; 2) conditions affecting the solution
only in the neighborhood of the cross sections x1 = +l. The conditions affecting the solution for all |x1| <1 can be
called the basic conditions. According to the Saint-Venant principle, such conditions contain quantities (2.2), i.e

chut +dioty = (e17)", k=0,1,
(2.5)
g +dy09, = (p37)°  for @y =+l
3. Equations of the One-Dimensional Problem of the First Approximation. In constructing
equations in the first approximation, we require that the solution of the one-dimensional problem is possible under
arbitrary conditions (2.5) [arbitrary values of (¢F)* (k = 0,1) and (¢3,)° and arbitrary values of ¢; and d3;
admitted by inequalities (1.4)]. Since there are six conditions (2.5), the minimum order of the system of the
one-dimensional problem of the first approximation should be six, and the system should not contain any other
derivatives except for

di ol g, M doh (3.1)
d$1 dxl dxl le
Thus, in the series for the derivatives
80’11 8021 311,1 8u2 (3.2)

6331 ’ 6l‘1 ’ 61‘1’ 81‘17

302



entering into the equilibrium equations [the first group of Egs. (1.1)], we leave only terms that contain deriva-
tives (3.1). Thus, derivatives (3.2) are replaced by the derivatives

/ / / /
Ooyy 0oy Oup  Ouh

(9171 ’ (933’1 ’ 31’1, 8x1’

where
1 1
O'il = Zaflpk(C)a Uél = Ugla ull = Zullﬁpk(C)a ul2 = Ug (33)
k=0 0

k=
In the series for the derivatives do12/0x2 and dogs/dxzo in Egs. (1.1), we leave only those terms that provide the
correspondence

60’12 80'/11 (90'22 80'51
81'2 8x1 ’ 8x2 81’1 ’
In (3.4) and below, the tilde indicates an identical degree of the polynomials with respect to . Therefore, in the

one-dimensional problem of the first approximation, 012 and ogg in the equilibrium equations from (1.1) are replaced
by polynomial segments

(3.4)

2 1
UiQZZUIszk(O, UIQQZZU}QCQPk(C)' (3.5)
k=0 k=0

The mass forces f; and f5 are replaced by the segments f] and f; of the Legendre polynomial series so that
the following correspondence holds:
! 60/11 Y agél
! 8$1 ’ 2 8%1 '

Thus, we have

1
A= P, =1, flezzk
k=0

+1
/fZ-Pk(C) ¢, k=1,2. (3.6)
-1

In accordance with approximations (3.3), (3.5), and (3.6), the equilibrium equations from (1.1) are replaced by the
equations

oo,
oz, + fl=0. (3.7)

In (3.3), (3.5), the coefficients Ufj are the sought functions of the variable ;.
Designating

0"12(C::|:].):O'it2, 0,22(423‘:1):02%7
we obtain from (3.5)
oty = (013 + 012)/2 — 01, o1z = (012 — 012)/2,

030 = (03— 02) /2, 0y = (0 — 03)/2.

Using these relations and (2.3), we can write Egs. (3.7) as

dTiy _ dMi, o + o4- 1
dx1+afr2—012+ffh:0, po 122 12h—o?2h+6h2f11:0,
3.8)
Tm+0';_2—022+fgh=0.

If we assume that 09, = 09, and, hence, 095 = @Q, Egs. (3.8) are equations of equilibrium of an element loaded by the
mass forces f; and surface forces o3, and o5,; the size of the element is infinitesimal in the z; direction and equals
h in the x5 direction. Thus, in the one-dimensional problem of the first approximation, the requirement that the
stresses should satisfy the equations of equilibrium of arbitrary infinitesimal elements is replaced by a less rigorous
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requirement that the stresses should satisfy the conditions of equilibrium of elements whose size is infinitesimal only
in the x; direction and finite in the x5 direction.

In addition to approximations of displacements u} and u} [relations (3.3)], the following approximations are
used in the equations of the one-dimensional problem:

3 2
o =Y uiP(Q),  up =Y uBP(Q). (3.9)
k=0 k=0
The length of polynomial segments in (3.9) is determined by the relations
au// au//
875(}; ~ 0/127 875(}2 ~ 0/22'

Approximations (3.9) are used in substituting the derivatives duy/0z2 and Ouz/0x2 in the last group of Egs. (1.1)
by the derivatives duy /0xs and duy /0xs.

The strains in the one-dimensional problem of the first approximation are expressed via the segments ) and
ul as follows:

o ouyf  Oul oul)
€11 = ) 2¢ = 7. 5 € = . 3.10
1 8x1 12 Bxg 81'1 22 (9.%‘2 ( )
The stresses inside the layer are calculated by the formulas
Oij = QijmnEmn, (311)

where &,,,, is determined by relations (3.10). Though the strains are polynomials in terms of the 25 coordinate, the
stresses can be other than polynomials if the elasticity coefficients depend on the coordinates x1 and zo, e.g., in the
case of an inhomogeneous material.
It follows from (3.3), (3.5), (3.10), and (3.11) that the coefficients of; and u} are related as
+1

1+ 2k
Ufj = 9 /aijmngmnpk(g) dg. (3.12)

-1

The boundary conditions (1.3) in the one-dimensional problem are replaced by the conditions
chul + d5oly = o (i=1,2) for zy = +h/2. (3.13)

Equations (3.3), (3.5), (3.7), and (3.9)—(3.13) and the boundary conditions (2.5) form a closed system of
one-dimensional equations of the first approximation for the elastic layer. Note, the equilibrium equations (3.8) can
be written as

+1 5 +1 5
014 024
Pu(C)d¢ =0, [ }dzo k=0,1),
[ 152+ a)picrac [32+rac=0 =01

-1 -1

and Egs. (3.11) can be written as

+1 +1
/[0'11 — a1145€i5] Pe () d¢ = 0, /[0'22 — @22;5€45| P (C) d¢ = 0,
—1 -1

+1

/[0'12 — a12;5€4j] P (¢)d¢ = 0, o3 = 01
-1
The solution of the one-dimensional problem reduces to the solution of a system of differential equations for
the functions
0 .1 ,0 0 1 0
Uy, Uy, U, 0115 0115 O21- (3.14)

This system has the fourth order regardless of the form of the boundary conditions on the layer surfaces xo = +h/2.
The functions (3.14) are called the basic functions, and the functions 03,, 0i,, 0ly, 0%y, u?, u3, ul, and
u2 are called the additional functions.
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We can show that the solution of the one-dimensional problem satisfies the energy identity

G ICRTAR (G

Q Q

Identity (3.15) allows us to prove the uniqueness of a certain class of contact problems for the elastic layer [4].
4. Transition to Dimensionless Variables in the Equations of the One-Dimensional Problem.
In what follows, we use the dimensionless quantities

o= o G 00 L 2
J 0'0’ J an 0 ,U/’ hEQ,
4.1
R A S N il .
Lo’ h ’ 1 2L07 ! 20'0.

The segments of the Legendre polynomial series (3.3), (3.5), and (3.9) for dimensionless stresses and dis-
placements are written in the form

o1, =t +mu Py, 019 = tiz + mi2 Py + 112 P,
_ _, (4.2)
ahy = ta1, T99 = tag + Mmoo Pp;
1_1,/1:7.L0+U1P1, 1_1,/2:1)0,
—11 1 (4.3)
Uy = U + w1 Py + us Py + us Py, Uy = Vo + v P + v Ps.
In (4.2) and (4.3),
b T o T — 6 M1
11 hoo’ 21 12 hoo’ 11 W’
h/2 h/2 h/2 4.4
1 / U7 d 6 / (751 d 1 / u9 d ( )
uy = — — dzs, Uy = —— —xo drs, vy = — —=dzs.
O™ heo B2 7 e, B2 %7 heo R
—h/2 —h/2 —h/2
We write the relation between the dimensionless stresses and strains:
o1 :Oél({-fl +"}/152), 092 :Oz2(§2+’)/251), 019 = 2Meqa. (45)
For a transversely isotropic material, the elastic constants in relations (4.5) have the form
Es n(l —nv3) 1— v}
ap = — 3N Qg = Q1 ———— 57,
oo (1+v1)(1 —vq —2n03) n(l — nvi)
4.6
va(l+ 1) nvy B Es ( )
N=———g 2= ,  m=m—
1—nv; 1—14 oo
in the case of plane deformation or
EQTL aq _ E2
ol = —F——— Qg = —, Y1 = V2, Y2 = nva, m=m-— (47)
oo(1 —nwy) n oo

for the plane-stressed state. The elastic constants F; and vy in (4.5) characterize the material behavior in the
anisotropy plane, and the elastic constants Fy, G, and v, characterize its behavior in the direction orthogonal to
the isotropy plane, n = E1/Fs, and m = G3/Es.

For an orthotropic material, the elastic constants in Eqs. (4.5) for a plane-stressed state are written as

E, E,

Q] = ) Qg = )
00(1 — VyyVsy) 00(1 = VayVsy)
o o _ G:cy Vey  Vyz
Y = Vay, Yo = Vyg, m=m , — = ==,
ago EI Ey
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For an isotropic material, Egs. (4.6), (4.7) for E1 = Es, G1 = G2, and 11 = v yield the relations
ap=as=a=2/(1-7), (4.8)

where v = v/(1 — v) in the case of plane deformation and v = v for the plane-stressed state.
The system of differential equations for the coefficients of expansions (4.2) and (4.3) in dimensionless variables
is written in the following form:

nthy + (61— 012)/2+ L =0,  ntly+ (65 —55)/2+ f3 =0,

nmy, — 3tz 4+ 3(61, + 612)/2+ fl =0,

t1n = a1(nuy + 1v1), too = aa(Yanugy + v1), (4.9)
mi1 = o (nuy + 371v2), Moy = aa(y2nu) + 3v2),
tlg = m(nv6 -+ U1 + U3), mio = 3mu2, 12 = 5m7.L3.

System (4.9) of 10 equations with respect to 14 coefficients of expansions (4.2) and (4.3) is closed by four

conditions on the layer surfaces for { = +1:
ciauf + dis0iy = ¢, (4.10)

System (4.9), (4.10) of the elastic layer in the first approximation can be presented in the form of six
first-order differential equations with respect to the basic functions ug, u1, vo, t11, mi1, and tq2

thy = =01 — o12)/2+ f11/n, ug = (atn — aayitea)/(naraz(l —7192)),
mhy = [Btio — 3(cfy + 012)/2 = fil/n,  ui = (aema1 — a1yimas)/(naras(l — 1172)), (4.11)

the = —[(05 — 055)/2+ f31/n, vy = (trn/m —uy —u3)/n

and eight equations, which contain, in addition to the basic quantities, the additional quantities uo, us, v1, v2, M2,
r12, tag, and mag, and specified functions entering into the right sides of conditions (3.13):

v1 = (aqtas — Yeaati1)/(aras(l — y172)), mi2 = 3mus,
vy = (g — Yoemiy)/(Baraz(l — v172)), T12 = dmug,
ey (uo +ur +uz +ug) + diy(tiz + maz +112) = 015 (8),
cp(uo — ur + up — uz) + dip(tiz — maz +r12) = p15(), (4.12)
C33 (Vo + 01+ v2) + diy(taz + mas) = 3, (€),

Caa (V0 — V1 + 2) + day(taz — Mmaa) = poy(§).

From Egs. (4.12), the additional quantities can be expressed in terms of the basic and known functions
¢S (€), d5(€), and ¢E(€) (i = 1,2). Substituting these expressions into Eqgs. (4.11), we obtain a system of sixth-
order differential equations with respect to the basic quantities. The order of this system is independent of the form
of the boundary conditions on the layer surfaces.

If we introduce the vector z = [ug, u1, v, t11,M11, tlg]t, the system of equations of the layer can be written
as

2 =Hz+F, (4.13)

where H is a 6 x 6 quadratic matrix and F' is a vector of six components.
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For system (4.13), for £ = &y and £ = &;, we impose the boundary conditions of the form

Az + By =C, (4.14)
where
Uo t11
=1 u |, Yy =| mu
Vo t12

In (4.14), A and B are specified matrices of the order 3 x 3; C' is a specified vector with three components.

The matrix H of system (4.13) depends on the form of the boundary conditions on the layer surfaces.
A generic solution of this system can be written for an arbitrary form of the conditions. But if the structure
consists of several layers, the order of the system increases, and it becomes next to impossible to construct an
analytical solution. In this case, it is reasonable to use numerical algorithms.

5. Moment Finite Element. Below, we construct a stiffness matrix of a rectangular finite element
Q:{r] <1 < xf‘, zy < Ty < x;} We assume that the forces tiij (or the corresponding mean displacements of
the faces) are set on all four faces of the element, and the bending moments m; (or the mean angles of rotation of
the faces 91i1) are also set on two opposite side faces. We introduce the variables

& =2[x1 — (& +27)/2l/h1, & =2[xs — (23 +x5)/2]/ha,

where hy = 2] — ] and hy = x — 25 . In this case, the rectangle 2 is transformed into a square.

The stresses and displacements inside the element (2 along the & coordinate are approximated by the
segments of the Legendre polynomial series (3.3), (3.5), and (3.9). We represent the functions afj in the form of
segments of the Legendre polynomial series Q;(€1). If we require that each term in (3.3) is represented by identical
segments of the polynomial series in terms of Q;(&1) and Py (&2), we have to assume that

1 1

1 1 1
1 (1,k) / / (1,k)
011 :ZZ Qi Py, 091 = 021 Qw 022222011 Qi Py,
1=0

k=0 i=0 i=0 k=0

1 1 (5.1)
O-él :ZJ(,L O)Q“ f{ :Zfl(o’k)Pka fé = 2(0,0)7
i=0 k=0

where
142¢)(1+ 2k [ 142k Il
i +20)(1+ +
o < LI [ o qupdgde,  s00 =2 [ [fnagde,  a-12
—1 -1 —-1-1

Representing the coefficients of the segments of the series for displacements in (3.3) and (3.15) by segments
of the Legendre polynomial series @;(&1), we require that the problem of determining the expansion coefficients in
the rectangle 2 has a solution for all boundary conditions for z; = %I of the form

chuf + diyoty = (e11)", cpuy +dy 09y = (05;)° (k=0,1) (5.2)
and the following relation is valid:
au// aull
Bm; ~ 0-/12) 87{[:2 ~ 0-/22'

Here, the tilde denotes an identical power of the polynomials along &; and . In accordance with these requirements,
we have to set
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The strains inside the element are expressed in terms of displacements (5.3) by the formulas

ou ou)  Oul oul)
= , 2619 = — , . 5.4
€11 91 €12 O + B €22 = O (5.4)
The stresses inside the layer are calculated by the formulas
055 = QijmnEmn, (55)

where €,,,, are determined by relations (5.4).
Equations (3.7), (5.4), and (5.5) and the boundary conditions
uy(at) = uny £halii /2, wp(et) =uy,  wi(ey) =uh (i=1,2)
form a closed system of algebraic equations with respect to the coefficients u((; ) and ay,il’k) entering into expan-
sions (5.1) and (5.3). The generalized forces and displacements are determined by relations (4.4). Solving this
system, we find the expressions for the forces t and moments mi, via the displacements u” and angles of rotation
07, of the element faces. The forces ti and moments mi, are related to the solution of the system by the equalities

= ho(oV? £a1Y), 5 =hioh(£1)  (i=1,2),

mi =m0V £ otV /6.

We introduce the notation

u); = (U +u;;)/2, uj; = U;; — Uy, 0% = (05, +6017)/2, 601, =067 — 0;;- (5.6)
Note, the linear combinations of quantities (5.6)
Uiy, Uzg, Uia/ho +uzy/ha, O1y, upa/he — 67, uly —ufy, ug —us, (5.7)

are equal to zero if the element is displaced as a stiff whole.

To find the coefficients of the element stiffness matrix, we have to perform the following calculations. Using

(5.3) and (5.6), we express uS*) via uﬁ 9 ug;’o), ug? Y and quantities (5.6). From Egs. (3.7), (5.4), and (5.5),

we express the quantities ugq :0) ugg ) and ug(i’l)

two-dimensional problem are wrltten in the form

and strains via quantities (5.7). If relations (5.5) in the case of a

o11 = agqy + beaa, 022 = beqy + aea2, 012 = 2J€12,

we obtain after the calculations

h b 1 1
) =a *hQ ujy + bugy, 19y = hl( Uy + — I u%l)v t9, = ﬂh2< ujy + T u%Q)v
1 ha hi 2

1 1 5 ho 1 (0,1)
tl?‘“hl{ [, u12+ah2/h1+5uh1/h2[ hl(hz uiz — 67 )_Ghlfl ”

A 12a
1 ,uhl/hg —|—ah2/h1

1
[y = ufy) — 5 w37, (5.8)

12p (0,0)
tl = 0 _ 0 - h2
12 why/he + aha/hy {a(um uyy) — f1 } )
M 0 0 bh3 | 2 £(0,0)
tl = [12 _ W, } |
2 pha/h1 + ahy/hgy alug, — ug) Iy 11 2f2
H 0 0 bh3 .1 ahi 0.0

t3y = [120(u3; — uy) + 520 o)
227 pha/hy + ahy/hs (22 21) By 11T )

1 ah%
m pry
Y ahy/hy + 5phy /by

1
[5ﬂ991 ~ 3 hszo’l)}a

0 h3 { 6bp

1 h
- 0 2 4 a® 0?0} — bh (o
myy 6(uha/hy +ah fha) Uy (uy — u9y) + = [‘W +a } 11 1f2 }

hi
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Expressions (5.8) can be represented as
t?j = <t?j> + C?ja tzlj = <t}j> + czlj7 m{y = (m{)) +dYy,  mi; = (myy) +diy, (5.9)
where (t9;), (tj;), (m9,), and (m1,) are linear combinations of quantities (5.7). Hence, (t7;), (ti;), (m{,), and (m{,)
vanish if the element is displaced as a stiff whole, and the quantities ¢, ¢!
of f{ and f3.

Relations (5.9) determine the stiffness matrix of the moment rectangular element.

ij> Cij» d?l, and m%l are linear combinations

Since
0 0
/az‘jmnfiﬁmn dQy = / [filu/‘ + o (0hu) + 5— (022“2/)} dQ = thuf, — toug = (th)ud; + (#9)ui;, (5.10)
0x1 0xo
) )

then (t;)uf; + (t7;)uj; = 0. The equality in (5.10) is only possible if the element is displaced as a stiff whole. This
ensures the uniqueness of the solution for all boundary conditions of the form (5.2).

The procedure of calculating the global stiffness matrix for a domain constructed of rectangles and the
iteration algorithm for determining the stress-strain state for such regions can be found in [8].

In the above-described approach to constructing the elastic layer equations, the representations of stresses
and displacements in the form of segments of the Legendre polynomials were actually used to approximate the
derivatives of stresses and displacements entering into the equations. The stresses inside the layer are calculated by
formulas (3.14). This allows one to generalize the approach described above to the case of constructing equations
of the layer whose behavior is described by physically nonlinear governing relations.
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